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ABSTRACT H1 ions are a substrate of many active and passive membrane transporters in all cells. Absolute proton ﬂuxes are
often quantiﬁed using intracellular pH sensitive microelectrodes or pH sensitive dyes. These measurements, however, rely on a
priori estimates of the intracellular buffer capacity and on the assumption of diffusive equilibrium inside the cell. Here, assuming
local equilibrium of protons with a single mobile buffer, we model the diffusion of H1 in the extracellular medium around an H1
pumping cell to estimate the expected pH changes as a function of time, distance from the cell, extracellular buffer capacity, and
the absolute proton ﬂux across the membrane. In particular, using accurate numerical simulation, we gauge the range of validity
of an explicit, analytical solution of the linearized, nonstationary diffusion equation. Our results provide a framework to quantify
the absolute membrane proton ﬂux, if spatiotemporal information about the extracellular pH change is available, e.g., using
imaging of pH dependent ﬂuorescent dyes.
INTRODUCTION
The survival of all living organisms depends on the transport
of ions and other substrates across biological membranes. In
this respect, protons (H1) have a special role: an appropriate
H1 concentration (pH) is critical for many physiological
processes and the energy stored in the H1 electrochemical
gradient can be used for the production of ATP and for the
transport of ions and other substances across the membrane.
Considering the variety of these functions, it is not surprising
that H1 are moved across membranes by a huge diversity of
proteins, encompassing primary active, secondary active, and
passive transporters, either as the sole substrate or being co- or
countertransported. These H1 transporting proteins include
proton channels (gramicidin,M2 viral proton channel, voltage-
gated proton channels), F-type, P-type, V-type ATPases,
bacterial reaction center, cytochrome c oxidase, channelrho-
dopsin (1,2), major facilitator superfamily (MFS) proteins
such as LacY, GlpT, and ErmD (3), small multidrug resistance
(SMR) proteins (EmrE), resistance-nodulation-division
(RND) proteins (AcrB) (4), H1-coupled nitrate, tetracycline,
amino acid, oligopeptide, and sugar transporters (5), Na1/H1
antiporters (6), bacteriorhodopsin (7), H1-coupled organic
cation transporters (hOCTN1) (8), and members of the natural
resistance-associated macrophage protein (Nramp) family,
implicated in heavy metal ion transport (9).
Several methods have been developed to quantify the
absolute proton ﬂux across the membrane. These include,
e.g., pH sensitive microelectrodes (10,11) or pH sensitive
dyes (12,13). A precise determination of the proton ﬂux is
helpful to gain insight into the mechanism of transport. For
example, if a single type of H1 transporter dominates the
overall transport, as, e.g., in overexpressing heterologous
systems, and if the number of transport proteins is known,
the knowledge of the proton ﬂux allows an absolute
measurement of the single transporter turnover rate. Fur-
thermore, if an independent measurement of the ﬂux of a
cotransported substrate is available, knowing the proton ﬂux
allows a determination of the stoichiometry of transport. This
method for estimating the stoichiometry is especially useful
if it is impossible to determine the conditions under which
the transporter is in equilibrium. For strictly coupled elec-
trogenic transporters, the reversal potential coincides with
the voltage at which no net transport occurs. For example,
the 2 Cl:1 H1 stoichiometry of the bacterial Cl/ H1
exchanger ClC-ec1 has been determined from the reversal
potential of the associated currents (14) and from ﬂux ex-
periments (15). Using pH sensitive microelectrodes or BCECF
ﬂuorescence a Cl/ H1 exchange activity has also been
demonstrated for the mammalian ClC-4 and ClC-5 proteins
(11,13). However, for these proteins, it is practically im-
possible to determine a true reversal potential because these
transporters are extremely outwardly rectifying (16,17).
Consequently, it is impossible to determine the transport
stoichiometry based on the reversal potential.
Picollo and Pusch (11) have measured the extracellular pH
close to the surface of ClC-5 expressing Xenopus oocytes to
demonstrate the transport of H1 across the membrane. The
biggest advantage of measuring the extracellular pH (and not
intracellular pH) is that the composition of the extracellular
solution can be precisely controlled. In particular, the buffer
capacity can be adjusted at will. In this article we analyze
the mathematics of diffusion around a spherical cell that
transports protons homogenously and at a constant rate to
gauge the possibility of using spatiotemporal information of
the pH around the cell to determine the absolute ﬂux across
the membrane. We use numerical methods to solve the
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nonlinear diffusion equation in the presence of a mobile
buffer, assuming a fast buffering reaction. Furthermore, we
derive an analytical solution of the linearized diffusion
equation. We then compare the exact, but slow, numerical
integration with the approximate analytical solution to
determine the range of experimental conditions for which
the approximate solution can be applied.
RESULTS
Theory
We consider a spherical cell of radius a (in meters) that
begins to extrude H1 at t¼ 0 at a constant ﬂux, J (in mol/m2/
s) (Fig. 1). This ﬂux corresponds to an equivalent current, I,
of magnitude
I ¼ 4pa2JF;
where F is the Faraday constant. The free H1 concentration,
[H1] ¼ H, around the cell has initially the value
Hðt ¼ 0Þ ¼ H0:
Because concentrations are measured in mol/liter (and not
mol/m3), attention has to be paid when introducing the ﬂux
into the equations. The extracellular solution contains a
single mobile buffer at the total concentration
½Btotal ¼ ½Bfree1 ½Bbound ¼ T:
The buffer is characterized by the reaction
H1B !l m BH;
with second order association rate constant, l, ﬁrst order
dissociation rate constant, m, and the equilibrium dissocia-
tion constant
K ¼ m
l
:
If we assume that the free buffer and the H1-bound buffer
have the same diffusion coefﬁcient, DB, and if the buffer is
initially distributed homogeneously, the local total concen-
tration remains constant (18). We will assume spherical
symmetry and homogeneity of the density of the transport
proteins on the membrane surface. This is, of course, an
oversimpliﬁcation, because it is known that membrane pro-
teins are often clustered (see, e.g., Gomez-Hernandez et al.
(19)). The consequences of this assumption will be consid-
ered in more detail in the Discussion. The assumption of
spherical symmetry and homogeneity greatly simpliﬁes
the mathematical treatment of the problem, which can be
expressed by the combined reaction-diffusion equations
(18,20)
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@r2
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@r
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@B
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@r
 lHB1mðT  BÞ; (1)
where r is the distance from the center of the cell, B denotes
the concentration of free buffer, H the free proton concen-
tration, DB the diffusion coefﬁcient of the buffer (assumed to
have the value of 5 3 1010 m2/s), DH the H
1 diffusion
coefﬁcient (assumed to have the value of 9.3 3 109 m2/s),
and T the total buffer concentration.
Protons and at least one of the buffer species (either the
protonated buffer, the unprotonated buffer, or both) are elec-
trically charged. Thus, a full description of buffered diffu-
sion should incorporate effects of the electric ﬁeld in an
electrodiffusion approach (20). Furthermore, if H1 is co- or
countertransported with another substrate a gradient will
be generated for the other substrate, too, that in turn will
inﬂuence the proton diffusion. For example Na1 ions are
countertransported in NHE exchangers (6), Cl ions are
countertransported in CLC proteins (14). Fortunately, in
most cases, the co- or countertransported ions are present at
much higher concentrations than protons. For example, Cl
ions are usually present in tens of millmolar. Thus the Cl
concentration will change much less in relative terms than
the proton concentration. Most importantly, the bulk ion
concentration in physiological solutions is generally much
higher than the change of the proton and buffer concentration
achieved by the transport activity. Thus, any electrical
gradient will be quickly compensated by small diffusive
adjustments of the bulk ion concentrations (21). Therefore,
for moderate H1 transport rates, we can safely neglect the
effect of electrical gradients caused by transport and diffusion.
Because the chemical reaction of protons with buffer is
fast (22), an accurate solution of Eq. 1 is numerically
expensive. We shall assume that the buffering reaction,
characterized by l and m, is very fast, such that protons and
buffer are in local equilibrium. Later, we will test the validity
FIGURE 1 Schematical sketch of the topology used for the simulation
studies. The radius of the cell is a, the maximal radius is rmax, and the proton
ﬂux out of the cell is J. The concentric spheres have a distance of Dr from
each other.
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of this assumption. With the assumption of fast buffering, B
can be expressed in terms of H via the equilibrium condition
B ¼ KT
H1K
:
Taking the difference of the two reaction diffusion equa-
tions (Eq. 1) eliminates the explicit dependence on the rate
constants l and m:
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:
For convenience we deﬁne
H˜ ¼ H1K; L ¼ KT;
with these abbreviations and using
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the above differential equation can be rewritten as
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This equationwas solved numerically imposing the bound-
ary condition of constant total proton ﬂux, J, for r ¼ a as
described below.
Equation 2 provides an accurate description of the dif-
fusion process. However, its evaluation is rather slow to be
used in rapid data analysis that necessitates a ﬁt to the ex-
perimental conditions. We sought therefore to derive an
analytical solution of the linearized equation. To this end we
deﬁne the variations of H and B around their initial values, as
h and b, respectively:
H ¼ H01 h; B ¼ B01 b;
where h and b can also assume negative values.
Inserting these into the equilibrium buffering condition,
BðH1KÞ ¼ KT; yields
ðB01 bÞðH01 h1KÞ ¼ KT:
Because
B0ðH01KÞ ¼ KT;
it follows
bðH01KÞ1B0h1 bh ¼ 0:
The approximation used consists in neglecting the term bh
in the above expression. Thus,
b ¼  B0
H01K
h:
For convenience we deﬁne
v ¼ B0
H01K
 1:
Taking, as above, the difference of the temporal deriva-
tives of H and B cancels out the buffering terms
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;
and inserting here the above expression for b yields
@h
@t
¼ ðDH1vDBÞ
11v
@
2
@r
21
2
r
@
@r
 
h:
We deﬁne the effective diffusion coefﬁcient, D, by
D ¼ ðDH1vDBÞ
11v
 DB:
The above approximation holds because DH is only ;20-
fold larger than DB, whereas v 1. With this notation, the
linearized version of the diffusion equation is that of a
simple, unbuffered diffusion:
@h
@t
¼ D @
2
@r
21
2
r
@
@r
 
h: (3)
The boundary condition at inﬁnite distance is simply
hðN; tÞ ¼ 0 for all t$ 0:
On the other hand, for the boundary condition at the bor-
der of the cell, we have to consider that the assumed constant
ﬂux, J, of protons across the membrane is immediately
buffered and increases the proton concentration only ac-
cording to the buffer capacity. Thus, instead of the sim-
ple condition @H=@rða; tÞ ¼ @h=@rða; tÞ ¼ J=D; for all
t $ 0, we have to put
@H
@r
ða; tÞ ¼ @h
@r
ða; tÞ ¼ J=D=b; for all t$ 0;
where b is deﬁned as the required addition of absolute
proton concentration per change in free proton concentra-
tion. This depends on the total buffer concentration and is,
in principle, not constant, but depends on the saturation of
the buffer. For now, we are interested in ‘‘small’’ changes
and we regard b as a constant that has to be determined
experimentally.
For the simple monovalent buffer described by the above
reaction equation, the value of b is approximately given by
(18,23)
b ¼ KTðH1KÞ2:
This expression is valid within the linear approximation,
i.e., for small variations of H around the equilibrium value.
For now, we treat b as an experimental parameter that
depends on the solution.
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The initial condition can be formulated as
hðr; 0Þ ¼ 0 for all r$ a:
Deﬁning
uðr; tÞ ¼ rhðr; tÞ; hðr; tÞ ¼ uðr; tÞ
r
;
from Eq. 3 it follows that
@u
@t
¼ D @
2
u
@r
2 :
The boundary conditions for u are
1
a
@u
@r
ða; tÞ  u
a2
ða; tÞ ¼ J=D=b;
uðN; tÞ ¼ 0 for all t$ 0;
and the initial condition is
uðr; 0Þ ¼ 0 for all r$ a:
We deﬁne the Laplace transform of u as
uðr; pÞ ¼
Z N
0
e
pt
uðr; tÞdt:
Using standard Laplace transform rules (24) it can be
concluded that u satisﬁes the ordinary differential equation
D
@
2u
@r
2 ¼ pu:
This has the unique solution
uðr; pÞ ¼ Aeqr;
where
q ¼
ﬃﬃﬃﬃ
p
D
r
;
and A has to be determined from the boundary conditions.Z N
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;
and the full solution for the Laplace transform is
uðr; pÞ ¼
a
p
J
Db
q1
1
a
e
qðraÞ
:
From Table 2.2 of Crank (25) the inverse Laplace
transform can be found with the result
hðr; tÞ ¼ J
Db
a
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p 
; (4)
with
s ¼ 1
a
;
and where erfc(.) denotes the complementary error function.
Conditions for numerical simulation
In our simulations we analyzed and compared two standard
experimental systems used for the biophysical analysis of
heterologously expressed ion transporters: Xenopus oocytes
and cultured cell lines. Xenopus oocytes are large (diameter
;1 mm), almost spherical cells. Cultured cells (e.g., HEK
cells) are much smaller (typical diameter 20 mm) and of
variable geometry. However, for many cell lines, almost
spherical cells are relatively frequent. A spherical geometry
is also favored if cells are detached from the culture dish,
e.g., after establishing the whole cell conﬁguration of the
patch-clamp technique. Thus, the two systems considered in
this manuscript are an oocyte of radius 0.5 mm (from now on
called ‘‘oocyte’’) and a spherical cultured cell of radius 10
mm (from now on called ‘‘small cell’’). Typical expression
levels in these systems, in terms of currents evoked in
voltage-clamp experiments, are of the order of mA in oocytes
and nA in small cells. For example, for the Cl/H1
antiporter ClC-5, expression levels in small cells range
from 100 pA to 2 nA and in oocytes from 0.5 to 10 mA (G.
Zifarelli and M. Pusch, unpublished data). This corresponds
to charge ﬂuxes densities of 0.83–16 mmol/s/m2 for small
cells and from 1.6 to 33 mmol/s/m2 for oocytes. Thus, in both
systems, the ﬂux density is of the same order of magnitude.
The nonlinear partial differential equations (Eqs. 1 and 2)
were solved using the Crank-Nicolson algorithm (26) with
Crank-Nicolson parameter 0.5 (semiimplicit discretization).
The region around the cell (Fig. 1) was divided into NR
slices, up to a maximum radius, rmax, resulting in a width of
each slice of
Dr ¼ rmax  a
NR
;
where a is the cell radius. The time step of integration is de-
signated asDt. The discrete values at these mesh points are thus
fi;j ¼ f ða1 iDr; jDtÞ;
for i ¼ 0, . . . , NR, j ¼ 0, . . . , NT, where NT is the number of
time steps, where f stands for H and B (Eq. 1) or for H˜ (Eq. 2)
(H˜ ¼ H1K; see Table 1).
56 Zifarelli et al.
Biophysical Journal 94(1) 53–62
The second spatial derivative was approximated by
@
2
f
@r
2 ¼
1
2
ðfi11;n11  2fi;n111 fi1;n11Þ1 ðfi11;n  2fi;n1 fi1;nÞ
Dr
2 ;
being the average of the ‘‘future’’ and the ‘‘present’’
derivative (26).
Second-order difference equations were also used for the
spatial ﬁrst-order derivatives. The ﬁnal difference equations
result in a tridiagonal matrix equation for the ‘‘future’’
values of f (27) that was solved using standard routines (27).
To impose bulk pH at ‘‘inﬁnite’’ distance the boundary
values were ﬁxed by H˜NR;j ¼ H01K; where K is the
dissociation constant of the buffer. The constant total ﬂux for
r ¼ a was imposed as follows: The total amount of protons
being transported during time Dt is given by
NDt ¼ 4pa2JDt:
This leads to an increase of the total proton concentration
in the ﬁrst volume shell of
DHtotal ¼ 3NDt
4pðða1DrÞ3  a3Þ:
For the solution of Eq. 1, this amount was added to the
proton concentration of the ﬁrst volume shell. In contrast, for
Eq. 2, according to the fast buffering reaction, this change in
total proton concentration leads to the following change in
free proton concentration
DHfree ¼ 0:5

DHtotal  H  K  B
1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðDHtotal  H  K  BÞ21 4ðH1KÞDHtotal
q 
;
where H is the previous free proton concentration and B the
associated free buffer concentration in the ﬁrst volume shell.
For each time step, after solving the difference equations,
this value for DHfree was added to H˜0;j: All numerical
calculations were implemented in Visual C11 using double
(8-byte) ﬂoating point arithmetic.
In a ﬁrst set of simulations we determined the largest time
step (Dt) and Dr-values that were acceptable for a precise
numerical solution of Eq. 2. The procedure is illustrated in
Fig. 2 that shows various solutions of Eq. 2, 10 s after the
onset of a proton current of 1 mA and a total buffer
concentration of 0.2 mM (initial pH 7, pK of buffer 7). The
ﬁgure shows the dependence of the pH as a function of
the distance from the oocyte center (starting at 500 mm, the
radius of the oocyte). The solutions for (Dr, Dt) ¼ (107 m,
106 s) (solid black curve), (Dr, Dt) ¼ (107 m, 105 s)
(dotted black curve), and (Dr, Dt) ¼ (23 107 m, 2 3 106
s) (dashed black curve) are almost indistinguishable. Even
the dash-dotted black curve obtained with the very small
values (Dr, Dt) ¼ (108 m, 107 s) is very similar to these
approximations. In contrast, solutions for (Dr, Dt) ¼ (5 3
107 m, 103 s) (solid gray curve), (Dr, Dt) ¼ (23 107 m,
103 s) (dotted gray curve), or (Dr, Dt)¼ (106 m, 23 106
s) (dashed gray curve) are signiﬁcantly different from the
presumably exact solution. Thus, for the particular condition
shown in Fig. 2, we can conclude that (Dr, Dt) values of
(107 m, 105 s) provide a sufﬁciently ﬁne grid to guarantee
a precise numerical solution. The method of ‘‘visual
inspection’’ to judge the quality of the numerical solution
may seem arbitrary. However, applying several different
standardized rigid criteria led to unsatisfactory solutions in
various parameter regimens (data not shown). We therefore
preferred the somewhat subjective method described above.
Based on a very large data set of simulations under various
conditions, we compiled tables with the values of (Dr, Dt)
that are necessary (and sufﬁcient) to provide a very precise
solution of Eq. 2 without performing unnecessarily costly
simulations. The radius and time steps are clearly dependent
on the proton ﬂux and on the buffering capacity. Larger
proton ﬂuxes and smaller buffer concentrations necessitate a
TABLE 1 Glossary of symbols
Symbol Meaning Units
A Amplitude coefﬁcient of the Laplace transform mol/m2/s
a Radius of cell m
B Free buffer concentration mol/m3
B0 Bulk free buffer concentration mol/m
3
b B  B0 mol/m3
b Buffer capacity (DHtotal /DHfree) –
D Effective diffusion coefﬁcient
((DH 1 vDB)/(1 1 v))
m2/s
DB Diffusion constant of buffer
(used value, 5 3 1010 m2 s-1)
m2/s
DH Diffusion constant of protons
(9.3 3 109 m2 s-1)
m2/s
F Faradays constant C/mol
D r Radius step for integration m
D t Time step for integration s
DHfree Change in free proton concentration mol/m
3
DHtotal Change in total proton concentration mol/m
3
H Free proton concentration mol/m3
H˜ H 1 K mol/m3
H0 Bulk free proton concentration mol/m
3
h H  H0 mol/m3
I Proton current through the membrane A
J Proton ﬂux density through the membrane mol/m2/s
K Dissociation constant of the mobile buffer mol/m3
L K T mol2/m6
l Association rate constant of mobile buffer m3 mol/s
m Dissociation rate constant of mobile buffer s1
NR Number of slices in the numerical simulation –
NT Number of time steps in the numerical simulation –
p Variable of the Laplace transform s1
pK Negative decadic logarithm of K
(measured in mol/l)
–
q
ﬃﬃﬃﬃﬃﬃﬃﬃ
p=D
p
m1
v B0/(H0 1 K) –
r Distance from the cell center m
rmax Maximum radius in the numerical simulation m
s 1/a m1
T Total buffer concentration mol/m3
u(r,t) r 3 h(r,t) mol/m2
uðr; pÞ Laplace transform of u mol s/m2
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higher precision. Tables 2 and 3 show the results for oocytes
and small cells, respectively. These tables are particularly
useful if the numerical simulation shall be used for an exact
comparison with experimental data, in cases where the linear
approximation fails (see below). More efﬁcient numerical
methods may be developed that could allow a numerical
integration of Eq. 2 using larger time and radius steps.
However, two obstacles prevent a straightforward improve-
ment of the numerical methods using, e.g., predictor
corrector schemes: ﬁrst, Eq. 2 is highly nonlinear; second,
the boundary conditions are also highly nonlinear because
the change in free proton concentration depends on the
(nonlinear) depletion of buffer. Because of these principal
difﬁculties, and because the Crank-Nicolson algorithm is in
general efﬁcient and robust for diffusional problems (20), we
believe that our numerical implementation with the time and
radius steps provided in Tables 2 and 3 are useful for an
accurate, robust, and reasonably efﬁcient solution of Eq. 2.
Test of the fast buffering assumption
A basic assumption used in Eq. 2 and for the linear
approximation (Eq. 4) is that the buffering reaction is so fast
that the buffer is in local equilibrium with the free proton
concentration. Fast proton buffers reach a diffusion limited
association rate of the order of 1012–1013 M1s1 (22). For
buffers with pK, 8 an association rate of l ¼ 1012 M1 s1
means that the mean lifetime of the protonated buffer is,0.1
ms. For most situations considered here, this is probably fast
enough to justify the fast buffering assumption. However,
since for most practically used buffers no reliable reaction
rates are available to fully justify that assumption, we sought
to test the range of validity of the fast buffering assumption.
To this end we simulated the full diffusion equation
containing the buffering term (Eq. 1) for various assumed
values of the association rate l, keeping the pK of the buffer
ﬁxed (at 7) and compared the solution with that of the
simpliﬁed Eq. 2. Results for an oocyte are shown in Fig. 3.
For association rate constants $1010 M1 s1, the full
solution (dashed and long-dashed black curves for l ¼ 1010
M1 s1 and l ¼ 1011 M1 s1, respectively) is practically
identical to the solution of the simpliﬁed Eq. 2 (black curve,
superimposed with the long-dashed black curve). For l ¼
109 M1 s1 (dotted curve) a slight deviation can be seen
close to the oocyte surface, whereas for l ¼ 108 M1 s1
(gray curve) and for l ¼ 107 M1 s1 (long dashed gray
curve) gross deviations are visible. Very similar results were
obtained for simulations around small cells (data not shown).
Thus, for a buffer with pK¼ 7 and l$ 109 M1 s1, the fast
buffering assumption is justiﬁed. Most likely, true associa-
tion rates of realistic buffers are of the order of l¼ 1010 M1
s1 or larger (22). However, possible limitations of this
assumption have to be kept in mind. In particular, if diffusion
is considered in the alkaline pH range, proton association and
dissociation become drastically slower.
Predictions
Using the above-determined values for (Dr, Dt) that are
necessary to obtain accurate numerical results, we compare
FIGURE 2 Determination of the accuracy of the numerical solution of Eq.
2. The numerical algorithm was applied to integrate Eq. 2 for 10 s for an
oocyte, assuming a current of 1 mA and a total buffer concentration of 0.2
mM (pK of buffer is 7). The different curves correspond to (Dr, Dt) values
(in meters and seconds, respectively) of: (dash-dotted black) 108, 107;
(solid black) 107, 106; (dashed black) 23 107, 23 106; (dotted black)
107, 105; (dotted gray) 2 3 107, 103; (dashed gray) 106, 2 3 106;
(solid gray) 5 3 107, 103.
TABLE 2 Maximal time and radius steps for large cells (Xenopus oocytes)
I (mA)
T (mM)
0.1 0.2 0.5 1 2 5 10
0.1 2 3 106 2 3 106 106 107 108 2 3 108 2 3 108 Dr
5 3 103 5 3 104 105 5 3 106 106 5 3 107 5 3 108 Dt
0.2 2 3 106 2 3 106 106 107 5 3 108 2 3 108 2 3 108 Dr
102 5 3 103 5 3 104 105 5 3 106 2 3 106 107 Dt
0.5 2 3 106 2 3 106 106 5 3 107 2 3 107 5 3 108 2 3 108 Dr
2 3 102 102 103 2 3 105 2 3 105 2 3 106 2 3 107 Dt
1 2 3 106 2 3 106 106 106 5 3 107 5 3 108 2 3 108 Dr
2 3 102 102 2 3 103 103 104 106 106 Dt
2 5 3 106 2 3 106 2 3 106 2 3 106 2 3 106 5 3 107 5 3 108 Dr
2 3 102 2 3 102 5 3 103 5 3 103 5 3 104 5 3 104 106 Dt
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in Figs. 4 and 5 and in Figs. 6 and 7 the predictions of the
exact numerical solution (Eq. 2) (solid black curves) with
the solutions provided by the linearized Eq. 4 (dashed gray
curves) for oocytes and small cells, respectively. The cur-
rent values and total buffer concentrations are indicated in
the panels. We plotted the pH (Figs. 4 and 6) as well as the
free buffer concentration (Figs. 5 and 7) as a function of the
distance from the cell center. The various curves in each
graph represent different time steps after onset of the cur-
rent (i.e., 0.1, 0.2, 0.5, 1, 2, 5, and 10 s for the oocyte and 0.05,
0.1, 0.2, 0.5, 1, 2, and 5 s for the small cell; see legends).
A ﬁrst clear result is that, under all conditions, the explicit
solution of the linearized equation converges to the full exact
solution at sufﬁciently large distances from the cell. This fact
is a very good indication that our implementation of the
numerical approximation is accurate. It is, however, quite
clear that for large currents and small total buffer concen-
trations the linearized equation is completely inadequate to
describe the pH dependence close to the cell. In fact, the re-
sults of Figs. 4–7 can be used as a guide to decide if the
application of the linearized solution is adequate for the anal-
ysis of speciﬁc experimental results.
Another important guide for the design of speciﬁc experi-
ments resulting from our simulations regards the choice of the
total buffer concentration for a given level of expression. For
example, the relatively small whole-cell current of 100 pA
combined with an extracellular buffer concentration of 0.5 mM
leads only to very small changes of pH (Fig. 6 b) that may be
difﬁcult to detect.
Comparing the results shown in Figs. 4 and 6 it is obvious
that comparable ﬂux densities lead to much more profound
extracellular pH changes in the large oocytes compared to
the small cells. This is simply caused by the smaller dimen-
sion of the system: the relative volume increase of successive
shells at distances Dr (see Fig. 1) is much larger starting from
a small initial radius than starting from a large radius. In fact,
if Dr  a (a is cell radius), the relative volume increase of
successive shells is given 2Dr=a. For oocytes, the relative
volume increase is practically zero, corresponding to the situ-
ation of diffusion away from an inﬁnitely large plane source.
In contrast, a small cell is more similar to a point source.
Fig. 5 shows that even moderate proton ﬂuxes lead to
complete buffer depletion if the buffer concentration is
below 0.5 mM. This is, of course, an experimental situation
that has to be avoided to guarantee a deﬁned system with a
stable pH. In fact, it is experimentally desirable to keep the
acidiﬁcation ,;0.8 pH units to allow efﬁcient buffering.
DISCUSSION
We have performed an extensive analysis of buffered proton
diffusion around a proton pumping cell. The study was
motivated by the desire to quantitatively estimate proton
ﬂuxes from measured proton gradients in the extracellular
medium. We developed an efﬁcient computer program to
simulate the full diffusion equation under the assumption of
fast buffering. However, the full solution is only necessary
for elevated proton ﬂuxes and low buffering capacity. For
smaller ﬂuxes and/or larger buffering capacity the explicit
solution of the linearized equation is fully adequate, in
particular at some distance from the cell surface. This solu-
tion can be computed directly allowing a rapid ﬁt to exper-
imentally obtained data.
The solution of the linearized equation has a further
advantage. In Eq. 4 the change in proton concentration, h, is
directly proportional to 1/b, the inverse of the buffer
capacity. In fact, Eq. 4 can be rewritten as
DHtot ¼ bh ¼ J
D
a
sr
erfc
r  a
2
ﬃﬃﬃﬃﬃ
Dt
p
 
 esðraÞ1Dts2

3 erfc
r  a
2
ﬃﬃﬃﬃﬃ
Dt
p 1 s
ﬃﬃﬃﬃﬃ
Dt
p 
;
TABLE 3 Maximal time and radius steps for small cells
I (nA)
T (mM) 0.1 0.2 0.5 1 2
0.1 5 3 107 5 3 107 107 5 3 108 5 3 108 Dr
5 3 104 2 3 104 5 3 106 2 3 106 5 3 107 Dt
0.2 5 3 107 5 3 107 5 3 107 5 3 108 5 3 108 Dr
5 3 104 2 3 104 105 2 3 106 106 Dt
0.5 5 3 107 5 3 107 5 3 107 2 3 107 5 3 108 Dr
103 103 103 2 3 105 106 Dt
1 5 3 107 5 3 107 5 3 107 2 3 107 2 3 107 Dr
103 103 103 104 2 3 105 Dt
2 5 3 107 5 3 107 5 3 107 5 3 107 5 3 107 Dr
103 103 103 5 3 104 103 Dt
5 5 3 107 5 3 107 5 3 107 5 3 107 106 Dr
103 103 103 5 3 104 103 Dt
FIGURE 3 Test of the fast buffering assumption. The full diffusion
equation (Eq. 1) or the approximate Eq. 2 assuming an inﬁnitely fast buffer
was solved numerically at high precision. The solution of Eq. 2 (solid black)
overlaps fully with the long-dashed line. The association rate constant, l,
was chosen as (in s1 M1) 1011 (long-dashed black), 1010 (short-dashed
black), 109 (dotted black), 108 (solid gray), 107 (dashed gray).
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where DHtot is the total concentration of protons added. This
expression is useful if a ﬂuorescent indicator is used to
measure the changes in proton concentration. The ﬂuores-
cence signal can be directly calibrated in terms of ﬂuores-
cence change per added (total) proton concentration, instead
of a calibration in terms of pH. In this way, the ﬂuorescence
signal reports directly the change in total proton concentra-
tion and the gradients can be directly ﬁtted with the above
equation and the two parameters, J and D.
On the other hand, if pH sensitive microelectrodes are
used to obtain spatiotemporal information on [H1], using for
example self-referencing oscillating ion-sensitive microelec-
trodes (28), the buffering capacity of the solution has to be
determined separately to use the theory of this article.
A critical assumption underlying our modeling study is
that the H1 transporting protein under consideration is
uniformly distributed over the membrane surface. Without
this assumption the mathematical treatment of the diffusion
problem would be much more complicated. This is an over-
simpliﬁcation because it is known that membrane proteins
are often clustered. However, even in the case of clustering
our analysis may still be valid in various conditions. If
clustering occurs on a micrometer scale (see, e.g., Wang and
Thompson (29)) the resulting inhomogeneity of the H1
concentration will be smeared out by diffusion at micrometer
distances, allowing a straightforward application of the
equations developed here. Large-scale clustering is exem-
pliﬁed by a polarized expression for example in Xenopus
oocytes (see, e.g., Gomez-Hernandez et al. (19)). In such a
case, the analysis should be restricted to a conical zone in
which expression is homogeneous. The worst case is clus-
tering at a spatial scale that leads to macroscopic inho-
mogeneities of the proton concentration at macroscopic
distances from the cell. Nevertheless, even in this case, at
least at moderate proton ﬂuxes in the linear regime, the
average proton concentration (averaged over spatial angle at
FIGURE 4 Predictions for the diffusion around an oo-
cyte: results for pH. Each panel shows the pH obtained
from the numerical solution of Eq. 2 (solid black curves)
and from the evaluation of the solution of the linearized
system (Eq. 4) (dashed gray curves) at the indicated cur-
rent values and total buffer concentrations. The traces cor-
respond to time steps of 0.1, 0.2, 0.5, 1, 2, and 5 s. The x
axis gives the distance from the oocyte center in microm-
eters. The complementary error function used in Eq. 4 was
evaluated using code from Press et al. (27) implemented in
double precision.
FIGURE 5 Predictions for the diffusion around an oocyte:
results for the free buffer concentration. In correspondence
to the panels in Fig. 4, the free buffer concentration is plotted
as a function of the distance from the oocyte center.
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a ﬁxed radius) is expected to be well described by Eq. 4,
because of the additive nature of the linearized diffusion
problem. In either case, it is advisable to test the assumption
of spherical homogeneity for a given experimental situation.
In several other studies, measurements of ion gradients
have been used to obtain quantitative estimates for absolute
ﬂuxes. For example, Kang et al. have used ion sensitive
microelectrodes to quantify ion ﬂuxes across giant mem-
brane patches expressing the Na-K-ATPase (30). Their
approach is based on the simple equation
J ¼ D=c;
that relates the ion ﬂux density, J, to the concentration
gradient. This relationship is valid, however, only when a
stationary gradient is achieved. This condition is not satisﬁed
under the circumstances considered in this article. In
particular, for the diffusion around oocytes, a steady state
is not reached even after 5 s of proton pumping (see Fig. 4).
For the case of ClC-5 that necessitates the application of very
positive voltages to activate transport, much longer times
cannot be easily sustained experimentally without the
activation of unspeciﬁc conductances. Thus, it is impractical
to wait for the establishment of a steady-state gradient.
Furthermore, the pH decrease obtained after very long
activation of ClC-5 affects the function of the transporter
(17). For these reasons, the solution of the nonstationary
diffusion equation, as provided in this article, is necessary to
obtain quantitative information about the absolute proton ﬂux.
In summary, this modeling study provides the theoretical
basis for the determination of absolute proton ﬂuxes from
extracellular, nonequilibrium pH gradients, and provides a
guide for the amount of buffer needed for a given experi-
mental proton current. The method may become useful to
determine stoichiometry coefﬁcients for transporters that in-
volve H1movements, for which more direct methods are not
applicable.
FIGURE 6 Predictions for the diffusion around a small
cell: results for pH. Each panel shows the pH obtained
from the numerical solution of Eq. 2 (solid black curves)
and from the evaluation of the solution of the linearized
system (Eq. 4) (dashed gray curves) at the indicated
current values and total buffer concentrations. The traces
correspond to time steps of 0.05, 0.1, 0.2, 0.5, 1, 2, and 5 s.
The x axis gives the distance from the cell center in
micrometers.
FIGURE 7 Predictions for the diffusion around a small
cell: results for the free buffer concentration. In correspon-
dence to the panels in Fig. 6, the free buffer concentration
is plotted as a function of the distance from the cell center.
Buffered Proton Diffusion 61
Biophysical Journal 94(1) 53–62
We thank Dr. Alessandra Picollo for critically reading the manuscript.
We gratefully acknowledge ﬁnancial support from Telethon Italy (grant No.
GGP04018).
REFERENCES
1. Decoursey, T. E. 2003. Voltage-gated proton channels and other proton
transfer pathways. Physiol. Rev. 83:475–579.
2. Ramsey, I. S., M. M. Moran, J. A. Chong, and D. E. Clapham. 2006. A
voltage-gated proton-selective channel lacking the pore domain. Nature.
440:1213–1216.
3. Abramson, J., S. Iwata, and H. R. Kaback. 2004. Lactose permease as a
paradigm for membrane transport proteins. Mol. Membr. Biol. 21:227–
236 [Review].
4. Higgins, C. F. 2007. Multiple molecular mechanisms for multidrug
resistance transporters. Nature. 446:749–757.
5. Hediger, M. A. 1994. Structure, function and evolution of solute
transporters in prokaryotes and eukaryotes. J. Exp. Biol. 196:15–49.
6. Padan, E., T. Tzubery, K. Herz, L. Kozachkov, A. Rimon, and L.
Galili. 2004. NhaA of Escherichia coli, as a model of a pH-regulated
Na1/H1antiporter. Biochim. Biophys. Acta. 1658:2–13.
7. Lanyi, J. K. 1757. 2006. Proton transfers in the bacteriorhodopsin
photocycle. Biochim. Biophys. Acta. 1757:1012–1018.
8. Ciarimboli, G., and E. Schlatter. 2005. Regulation of organic cation
transport. Pﬂugers Arch. 449:423–441.
9. Williams, L. E., J. K. Pittman, and J. L. Hall. 2000. Emerging
mechanisms for heavy metal transport in plants. Biochim. Biophys.
Acta. 1465:104–126.
10. Tsai, T. D., M. E. Shuck, D. P. Thompson, M. J. Bienkowski, and K. S.
Lee. 1995. Intracellular H1 inhibits a cloned rat kidney outer medulla K1
channel expressed in Xenopus oocytes. Am. J. Physiol. 268:C1173–C1178.
11. Picollo, A., and M. Pusch. 2005. Chloride/proton antiporter activity of
mammalian CLC proteins ClC-4 and ClC-5. Nature. 436:420–423.
12. Rink, T., R. Tsien, and T. Pozzan. 1982. Cytoplasmic pH and free
Mg21 in lymphocytes. J. Cell Biol. 95:189–196.
13. Scheel, O., A. A. Zdebik, S. Lourdel, and T. J. Jentsch. 2005. Voltage-
dependent electrogenic chloride/proton exchange by endosomal CLC
proteins. Nature. 436:424–427.
14. Accardi, A., and C. Miller. 2004. Secondary active transport mediated by
a prokaryotic homologue of ClC Cl channels. Nature. 427:803–807.
15. Nguitragool, W., and C. Miller. 2006. Uncoupling of a CLC Cl(-)/H(1)
exchange transporter by polyatomic anions. J. Mol. Biol. 362:682–690.
16. Steinmeyer, K., B. Schwappach, M. Bens, A. Vandewalle, and T. J.
Jentsch. 1995. Cloning and functional expression of rat CLC-5, a
chloride channel related to kidney disease. J. Biol. Chem. 270:31172–
31177.
17. Friedrich, T., T. Breiderhoff, and T. J. Jentsch. 1999. Mutational
analysis demonstrates that ClC-4 and ClC-5 directly mediate plasma
membrane currents. J. Biol. Chem. 274:896–902.
18. Wagner, J., and J. Keizer. 1994. Effects of rapid buffers on Ca21
diffusion and Ca21 oscillations. Biophys. J. 67:447–456.
19. Gomez-Hernandez, J. M., W. Stu¨hmer, and A. B. Parekh. 1997.
Calcium dependence and distribution of calcium-activated chloride
channels in Xenopus oocytes. J. Physiol. 502:569–574.
20. Bormann, G., F. Brosens, and E. De Schutter. 2001. Modeling
molecular diffusion. In Computational Methods in Molecular and
Cellular Biology: From Genotype to Phenotype. J. M. Bower and H.
Bolouri, editors. MIT Press, Cambridge, MA.
21. Baumgartner, W. 2004. Electrodiffusion near an ion channel and the
effect of mobile buffer. Comput. Biol. Chem. 28:67–73.
22. Eigen, M. 1964. Proton transfer, acid-base catalysis, and enzymatic
hydrolysis. Part I: elementary processes. Angew. Chem. Int. Ed. Engl.
3:1–19.
23. Augustine, G. J., M. P. Charlton, and S. J. Smith. 1985. Calcium entry
and transmitter release at voltage-clamped nerve terminals of squid.
J. Physiol. 367:163–181.
24. Doetsch, G. 1967. Anleitung zum praktischen Gebrauch der Laplace-
Transformation und der Z-Transformation. R. Oldenbourg, editor.
Munich, Germany.
25. Crank, J. 1956. The Mathematics of Diffusion. Oxford University Press,
Oxford, UK.
26. Faires, J. D., and R. L. Burden. 1993. Numerical Methods. PWS-
KENT Publishing, Boston, MA.
27. Press, W. H., B. P. Flannery, S. A. Teukolsky, and W. T. Vetterling.
1992. Numerical Recipes in C: The Art of Scientiﬁc Computing.
Cambridge University Press, Cambridge, UK.
28. Smith, P. J. S., and J. Trimarchi. 2001. Noninvasive measurement of
hydrogen and potassium ion ﬂux from single cells and epithelial
structures. Am. J. Physiol. Cell Physiol. 280:C1–C11.
29. Wang, S. S., and S. Thompson. 1992. A-type potassium channel
clusters revealed using a new statistical analysis of loose patch data.
Biophys. J. 63:1018–1025.
30. Kang, T. M., V. S. Markin, and D. W. Hilgemann. 2003. Ion ﬂuxes
in giant excised cardiac membrane patches detected and quanti-
ﬁed with ion-selective microelectrodes. J. Gen. Physiol. 121:325–
348.
62 Zifarelli et al.
Biophysical Journal 94(1) 53–62
